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Abstract
In this paper we consider by the energy equality the exponential stability of energy solutions to a non-
linear stochastic functional partial differential equation with finite delay r > 0 in separable Hilbert spaces.
Our method is very simple and is powerful for concrete stochastic delay partial differential equations.
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1. Introduction
Recently stochastic partial differential equations in a separable Hilbert space have been stud-
ied by many authors and various results on the existence, uniqueness and the asymptotic be-
havior of the solutions have been established (e.g., [4–8,10,12]). Caraballo and Liu [1], Liu and
Mao [11], and Taniguchi [13] discussed the exponential stability of the strong solutions and
mild solutions, by the method of coercivity condition, by the Lyapunov method and by the esti-
mate of solutions, respectively. Furthermore, very recently the stochastic delay partial differential
equations also have been discussed by several authors (e.g., [2,3,15]). For example, for the case
where the semilinear stochastic delay evolution equations the exponential stability of the mild
solutions was discussed by Taniguchi [14] and Liu [9] by the estimate of the mild solutions and
by Lyapunov functionals, respectively. When one discuss the asymptotic behavior of solutions,
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functions is in general difficult. It is well known that the construction of Lyapunov functional is
more difficult and it is seemed in many cases that it is almost impossible for functional differen-
tial equations, for example like delay differential equations.
The purpose of this paper is to discuss by energy method (that is, the method by energy
equality (2.1)) the almost sure exponential stability of the energy solutions to the non-linear
stochastic functional partial differential equation with finite delays:{
dX(t) = f (t,X(t))dt + F(t,Xt ) dt +G(t,Xt ) dW(t), t  0,
X(t) = ψ(t) ∈ L2(Ω,C([−r,0],H )), t ∈ [−r,0], (1.1)
where C := C([−r,0],H) denotes the space of all continuous functions from [−r,0] into H, ψ
is 0-measurable and f : [−r,∞) × H → V ∗, F : [−r,∞) × C → H and G : [−r,∞) × C →
L0Q(K,H) are continuous. Here we note that it is well known that the construction of the Lya-
punov functional is very difficult in stability analysis. Thus we use the estimate of the coefficient
functions for overcoming it.
The contents of this paper are as follows. In Section 2 we give preliminaries. In Section 3 we
consider the existence of energy solution (see Definition 2.1). In Section 4 we discuss by using
the energy equality the exponential stability theorems of the energy solution to (1.1). In Section 5
we consider applications to nonlinear stochastic delay partial differential equations. In Section 6
we present an example which illustrates the main theorem in this paper.
2. Preliminaries
Let V and H be separable Hilbert spaces with the norm ‖ · ‖ and | · |2, respectively such that
V ⊂ H ≡ H ∗ ⊂ V ∗,
where V is a dense subspace of H and the injections are continuous with λ1|v|2  ‖v‖2, λ1 > 0
for any v ∈ V . We denote by 〈·,·〉 the duality between V and V ∗. And | · |∗ denotes the norm
of V ∗. Let K be another separable Hilbert space with the norm | · |K. We also use the same
notation | · | for the norm of L(K,H), where L(K,H) denotes the space of all bounded linear
operators from K to H. Let R and R+ be the set of real numbers and the set of nonnegative real
numbers, respectively.
Let (Ω,P,) be a probability space on which an increasing and right continuous family
(t )t∈[0,∞] of complete sub-σ -algebra of  is defined. Let wn(t) (n = 1,2,3, . . .) be a sequence
of real valued one-dimensional standard Brownian motions mutually independent on (Ω,P,).
Set
W(t) =
∞∑
n=1
√
σnwn(t)en, t  0,
where σn  0 (n = 1,2,3, . . .) are nonnegative real numbers and {en} (n = 1,2,3, . . .) is com-
plete orthonormal basis in K . Let Q ∈ L(K,K) be a operator defined by Qen = σnen with∑
σn < ∞. Furthermore, L0Q(K,H) denotes the space of all bounded linear operators from K
to H with the following condition:
‖ξ‖2
L0Q
:= tr(ξQξ∗)< ∞, ξ ∈ L(K,H).
Let M2(−r, T ;V ) denote the space of all V -valued measurable functions defined on [−r, T ]×Ω
with E
∫ T ‖X(t)‖2 dt < ∞. First we give the definition of an energy solution to (1.1).−r
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(1.1) if the following conditions are satisfied:
(1a) X(t) ∈ M2(−r, T ;V )∩L2(Ω;C(−r, T ;H)), T > 0,
(1b) the following equation holds in V ∗ almost surely, for t ∈ [0, T ),
X(t) = X(0)+
t∫
0
[
f
(
s,X(s)
)+ F(s,Xs)]ds +
t∫
0
G(s,Xs) dW(s), t  0,
X(t) = ψ(t), −r  t  0,
(1c) the following stochastic energy equality holds:
∣∣X(t)∣∣22 = ∣∣X(0)∣∣22 + 2
t∫
0
〈
X(s), f
(
s,X(s)
)+ F(s,Xs)〉ds
+
t∫
0
∥∥G(s,Xs)∥∥2L0Q ds + 2
t∫
0
〈
X(s),G(s,Xs) dW(s)
〉
. (2.1)
In this paper we consider the exponential stability of the energy solution to a non-linear sto-
chastic functional partial differential equation by the above energy equality. In the final part of
this section we collect the definitions.
Definition 2.2. If an energy solution X(t) to (1.1) satisfies the following inequality:
∣∣X(t)∣∣22  Be−ηt , t  0,
where η > 0 and B = B(X(0)) > 0, then it is said that the energy solution X(t) to (1.1) con-
verges to the zero exponentially in mean square as t → ∞. Furthermore, if any energy solution
converges to zero exponentially in mean square as t → ∞ and the zero is the solution to (1.1),
then it is said that the zero solution is exponentially stable in mean square.
Definition 2.3. If there exist positive constants B = δ(ε) > 0, η > 0 and a subset Ω0 ⊂ Ω with
P(Ω0) = 0, and for each ω /∈ Ω0, there exists a positive random number T (ω) such that
E
∣∣X(t)∣∣22  Be−ηt , t  T (ω),
then it is said that the energy solution X(t) to (1.1) converges to the zero exponentially almost
surely as t → ∞. Furthermore, if the zero is the solution to (1.1) and any energy solution con-
verges to zero exponentially almost surely as t → ∞, then it is said that the zero solution is
exponentially stable almost surely.
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In this section we consider the existence of the energy solutions to the following stochastic
functional partial differential equation:⎧⎪⎪⎪⎨
⎪⎪⎪⎩
X(t) = X(0)+
t∫
0
[
A
(
s,X(s)
)+ F1(s,Xs)]ds +
t∫
0
G1(s,Xs) dW(s),
X(t) = ψ(t) ∈ L2(Ω,C([−r,0],H )), t ∈ [−r,0],
(3.1)
where we assume that ϕ is 0-measurable and A : [0,∞)×V → V ∗, F1 : [0,∞)×C → V ∗ and
G1 : [0,∞)×C → LQ(K,H) are Lebesgue measurable. Furthermore, we assume the following
conditions:
(a1) (Monotonicity and coercivity) There exist αθ > 0 and λθ ∈ R such that for a.e. t ∈ (0, T ),
u, v ∈ V,
−2〈A(t,u)−A(t, v), u− v〉+ λθ |u− v|2  αθ‖u− v‖2.
(a2) (Measurability) For any v ∈ V, the mapping t ∈ (0, T ) → A(t, v) ∈ V ∗ is measurable.
(a3) (Hemicontinuity) The next mapping is continuous for any u,v,w ∈ V, a.e. t ∈ (0, T ):
μ ∈ R → 〈A(t,u+μv),w〉 ∈ R.
(a4) (Boundedness) There exists c > 0 such that∣∣A(t, v)∣∣∗  c‖v‖
for any v ∈ V, a.e. t ∈ (0, T ).
(b1) There exists a constant c1 > 0 such that∥∥F1(t, ξ)− F1(t, η)∥∥∗  c1|ξ − η|C,∥∥G1(t, ξ)−G1(t, η)∥∥L0Q  c1|ξ − η|C
for any ξ, η ∈ C and F1(t,0) ∈ L2([−r,0] × Ω,V ∗) and G1(t,0) ∈ L2([−r,0] × Ω,H),
respectively.
Then under these conditions T. Caraballo, M.J. Garrido-Atienza and J. Real [3] proved the
following theorem:
Theorem 3.1. Assume that conditions (a1)–(a4) and (b1) are satisfied. Then there exists the
unique energy solution X(t) to (3.1). Furthermore, it holds that
d
dt
E
∣∣X(t)∣∣22 = 2E〈X(t),A(t,X(t))+ F1(t,Xt )〉+E∥∥G(t,Xt )∥∥2L0Q, t  t0.
Thus, for concentrating our attention on the researches of the exponential stability of the
strong solutions, in this paper we assume the existence of the energy solutions to (1.1) with
E‖ψ‖2 < ∞.C
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In this section we consider the exponential stability theorem in mean square and the almost
sure exponential stability theorem of an energy solution to (1.1). First we present a sufficient
condition for an energy solution X(t) to (1.1) to be exponentially stable in mean square.
Lemma 4.1. Let X(t) be an energy solution to (1.1). If there exists a function U : [0,∞) ×
H → R+ satisfying that EU(0,X(0)) < ∞ and the following conditions:
(4.1a) there exist positive real numbers c > 0 and ξ0 > 0 such that
ceξ0tE
∣∣X(t)∣∣22 EU(t,X(t)), t  0;
(4.1b) there exists an integrable function ϕ0 : [0,∞) → R+ such that
d
dt
EU
(
t,X(t)
)
 ϕ0(t), t  0,
then there exists a positive real number B = B(X(0)) > 0 such that
E
∣∣X(t)∣∣22  Be−ξ0t , t  0.
In other words the energy solution X(t) to (1.1) converges to zero exponentially in mean square
as t → ∞.
Proof. Since the energy solution X(t) satisfies (4.1b), we have that
EU
(
t,X(t)
)
EU
(
0,X(0)
)+
t∫
0
ϕ0(s) ds.
Since ϕ0(t) is an integrable function, we have a positive real number B1 > 0 such that
EU(0,X(0))+ ∫ t0 ϕ0(s) ds < B1. Thus, by (4.1a)
E
∣∣X(t)∣∣22  B1c e−ξ0t , t  0,
which completes the proof of the lemma. 
We need the following lemma for showing the almost sure exponential stability of energy
solutions from the moment exponential stability of energy solutions. The proof is carried out by
using the Burkholder–Davis–Gundy inequality, the Chebyshev inequality and the Borel–Cantelli
lemma. But we give the proof for the convenience of the readers (cf. [1,13]).
Lemma 4.2. Suppose that an energy solution X(t) to (1.1) satisfies all the conditions of
Lemma 4.1. If there exists θ0 > 0 such that the following inequalities hold:
(4.2a) E|〈f (t,X(t)),X(t)〉|D1e−θ0t , where D1 > 0,
(4.2b) E|〈F(t,Xt ),X(t)〉|D2e−θ0t , where D2 > 0,
(4.2c) E‖G(t,Xt )‖2
L0
D3e−θ0t , where D3 > 0,Q
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lim sup
t→∞
log |X(t)|2
t
−1
2
θ0, almost surely.
In other words the energy solution X(t) to (1.1) converges to zero exponentially almost surely
as t → ∞.
Proof. Let N  1 be any fixed natural integer. Since X(t) is an energy solution to (1.1), it
follows that
E sup
NtN+1
∣∣X(t)∣∣22 E∣∣X(N)∣∣22 + 2E sup
NtN+1
t∫
N
〈
X(s), f
(
s,X(s)
)〉
ds
+ 2E sup
NtN+1
t∫
N
〈
X(s),F (s,Xs)
〉
ds
+E sup
NtN+1
t∫
N
∥∥G(s,Xs)∥∥2L0Q ds
+ 2E sup
NtN+1
t∫
N
〈
X(s),G(s,Xs) dW(s)
〉
.
Then, by the Burkholder–Davis–Gundy inequality,
2E sup
NtN+1
t∫
N
〈
X(s),G(s,Xs) dW(s)
〉
 1
2
E sup
NtN+1
∣∣X(t)∣∣22 + 32
N+1∫
N
E
∥∥G(s,Xs)∥∥2L0Q ds.
Therefore it follows that
E sup
NtN+1
∣∣X(t)∣∣22  2E∣∣X(N)∣∣22 + 4
N+1∫
N
E
∣∣〈X(s), f (s,X(s))〉∣∣ds
+ 4
N+1∫
N
E
∣∣〈X(s),F (s,Xs)〉∣∣ds + 66
N+1∫
N
E
∥∥G(s,Xs)∥∥2L0Q ds.
Since we have by Lemma 4.1 a B = B(X(0)) > 0 such that E|X(t)|2  Be−λt for any t  0, by
the condition of the lemma it follows that there exists a positive real number D > 0 such that
E sup
NtN+1
∣∣X(t)∣∣22 De−ρaN .
Let εN > 0 be any fixed positive real number. Then, by the Chebyshev inequality we have that
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(
sup
NtN+1
∣∣X(t)∣∣2 > εN)
(
1
εN
)2
E sup
NtN+1
∣∣X(t)∣∣22 
(
1
εN
)2
De−ρaN .
Therefore, since εN is any fixed real number, let εN = exp( 12 (−λ+δ)N), where λ > δ > 0. Then
by the Borel–Cantelli lemma
lim sup
t→∞
log |X(t)|2
t
 1
2
(−λ+ δ), almost surely.
Letting δ → 0+, this completes the proof of the lemma. 
5. The main theorems
In this section we discuss the stochastic delay partial differential equations which are the ex-
amples of SFPDEs. Let ρ, τ : [0,∞) → [0, r] be differentiable functions with ρ′(t) M < 1,
τ ′(t)  M < 1 with M  0, where ρ′(t) := d
dt
ρ(t), τ ′(t) := d
dt
τ (t) and r > 0 is a con-
stant. Assume that A : [0,∞) × V → V ∗ and fβ : [0,∞) → V ∗ are Lebesgue measurable. Let
h : [0,∞)×H → H and g : [0,∞)×H → LQ(K,H) be Lipschitz continuous uniformly in t.
First we consider the following stochastic delay differential equation:⎧⎪⎨
⎪⎩
dX(t) = [A(t,X(t))+ fβ(t)]dt + h(t,X(t − ρ(t)))dt
+ g(t,X(t − τ(t)))dW(t), t  0,
X(s) = ψ(s) ∈ L2(Ω,C([−r,0],H )), s ∈ [−r,0],
(5.1)
where fβ ∈ L2([0,∞),V ∗). Set F(t,φ) = h(t,φ(−ρ(t))) and G(t,φ) = g(t, φ(−τ(t))) for any
φ ∈ C. Then the stochastic delay partial differential equation (5.1) is viewed as a stochastic
functional partial differential equation (3.1) with F1(t, φ) = F(t,φ)+ fβ(t).
Theorem 5.1. Suppose that Eq. (5.1) satisfies the following conditions:
(5.1a) conditions (a2)–(a4) holds and there exist αe > 0 and continuous, integrable function
α1(t) > 0 such that for a.e. t ∈ [0,∞), u, v ∈ V,
−2〈A(t,u)−A(t, v), u− v〉+ α1(t)|u− v|22  αe‖u− v‖2;
(5.1b) there exist integrable functions α2, β2 : [0,∞) → R+ such that∣∣h(t, u)∣∣22  (b + α2(t))|u|22 + β2(t), where b 0, u ∈ H ;
(5.1c) there exist integrable functions α3, β3 : [0,∞) → R+ such that∥∥g(t, u)∥∥2
L0Q

(
k + α3(t)
)|u|22 + β3(t), where k  0, u ∈ H ;
(5.1d) αeλ1(1 −M)> 2√(1 −M)b + k;
(5.1e) α2(t) α2(t − ρ(t)), α3(t) α3(t − τ(t));
(5.1f) there exists θ1 > 0 such that
∞∫
βj (t)e
θ1t dt < ∞, j = 1,2,3, here β1(t) = 2
αe
∣∣fβ(t)∣∣2∗.
0
198 T. Taniguchi / J. Math. Anal. Appl. 331 (2007) 191–205Then for any energy solution X(t) to (5.1), there exist ρ1 > 0 and B = B(X(0)) > 0 such
that
E
∣∣X(t)∣∣22  Be−ρ1t , t  0.
In other words the energy solution X(t) to (5.1) converges to zero exponentially in mean
square as t → ∞.
Proof. By Theorem 3.1 we have unique energy solution X(t) to (5.1). Now define the function
f : [0,∞)× V → V ∗ by
f (t, v) = A(t, v)+ fβ(t), v ∈ V, t  0.
By condition (5.1d), there exists δe > 0 such that a := (αe − δe)λ1 > 0 and a(1 − M) >
2
√
(1 −M)b + k. Thus we can take δa > 0 such that
(a − δa)(1 −M)> 1
δa
b + k.
Therefore, we can choose λ ∈ (0, θ1) such that
(a − δa)(1 −M)> λ(1 −M)+
(
1
δa
b + k
)
eλr .
Since A satisfies condition (5.1a) and fβ ∈ L2([0,∞),V ∗), it follows by the Young inequality
that
2
〈
f (t, v), v
〉
 α1(t)|v|22 − αe‖v‖2 + 2
〈
fβ(t), v
〉
 α1(t)|v|22 − αe‖v‖2 + δe‖v‖2 +
1
δe
∣∣fβ(t)∣∣2∗

(
(−αe + δe)λ1 + α1(t)
)|v|22 + 1δe
∣∣fβ(t)∣∣2∗
= (−a + α1(t))|v|22 + β1(t), v ∈ V,
where β1(t) = 1δe |fβ(t)|2∗. Here we set
φ(t, u) = eλt |u|22, u ∈ H,
δ(t) = 1
1 −M
t∫
t−ρ(t)
eλreλs
(
α2(s)+ b
δa
)
E
∣∣X(s)∣∣22 ds,
ξ(t) = 1
1 −M
t∫
t−τ(t)
eλreλs
(
α3(s)+ k
)
E
∣∣X(s)∣∣22 ds.
Set
U(t, u) = (φ(t, u)+ δ(t)+ ξ(t)) exp
(
−
t∫
θ(s) ds
)
, u ∈ H, t  0,0
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0 θ(s) ds < ∞. Therefore,
e−ReλtE
∣∣X(t)∣∣22 EU(t,X(t)).
Next, we have that
d
dt
EU
(
t,X(t)
)
 eλt
(
λE
∣∣X(t)∣∣22 + 2E〈X(t), f (t,X(t))〉
+ 2E〈X(t), h(t,X(t − ρ(t)))〉
+E∥∥g(t,X(t − τ(t)))∥∥2
L0Q
)
exp
(
−
t∫
0
θ(s) ds
)
+
(
1
1 −Me
λ(t+r)
(
α2(t)+ b
δa
+ α3(t)+ k
)
E
∣∣X(t)∣∣22
− (1 − ρ
′(t))
1 −M e
λt
(
α2(t − ρ(t))+ b
δa
)
E
∣∣X(t − ρ(t))∣∣22
− (1 − τ
′(t))
1 −M e
λt
(
α3
(
t − τ(t))+ k)E∣∣X(t − τ(t))∣∣22
)
exp
(
−
t∫
0
θ(s) ds
)
− θ(t)
(
eλtE
∣∣X(t)∣∣22 + 11 −M
t∫
t−ρ(t)
eλreλs
(
α2(s)+ b
δa
)
E
∣∣X(s)∣∣22 ds
+ 1
1 −M
t∫
t−τ(t)
eλreλs
(
α3(s)+ k
)
E
∣∣X(s)∣∣22 ds
)
exp
(
−
t∫
0
θ(s) ds
)
.
Let
β(t) = β1(t)+ 1
δa
β2(t)+ β3(t).
Then, we obtain that
d
dt
EU
(
t,X(t)
)
 eλt
(
λE
∣∣X(t)∣∣22 + (−a + α1(t))E∣∣X(t)∣∣22
+ 1
δa
(
b + α2(t)
)
E
∣∣X(t − ρ(t))∣∣22 + δaE∣∣X(t)∣∣22
+ (k + α3(t))E∣∣X(t − τ(t))∣∣22 + β(t)
+ (b + α2(t))
δa(1 −M) e
λrE
∣∣X(t)∣∣22 − 1δa
(
b + α2
(
t − ρ(t)))E∣∣X(t − ρ(t))∣∣22
+ (k + α3(t))eλrE∣∣X(t)∣∣22 − (k + α3(t − τ(t)))E∣∣X(t − τ(t))∣∣221 −M
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)
exp
(
−
t∫
0
θ(s) ds
)
.
Thus, we have by condition (5.1e) that
d
dt
EU
(
t,X(t)
)
−
(
a − λ− δa −
( 1
δa
b + k)
1 −M e
λr
)
e−RE
∣∣X(t)∣∣22eλt + β(t)eλt
 β(t)eλt .
Let
ρ1 = sup
(
λ ∈ (0, θ1)
∣∣∣ (a − δa)(1 −M)> λ(1 −M)+
(
1
δa
b + k
)
eλr
)
.
The function U satisfies conditions (4.1a)–(4.1b). Consequently by Lemma 4.1 we have a B =
B(X(0)) > 0 such that E|X(t)|22  Be−ρ1t , t  0. The proof of the theorem is complete. 
Theorem 5.2. Suppose that all the conditions of Theorem 5.1 are satisfied. If the following con-
ditions are satisfied:
(5.2a) there exist θ2 > 0 and a constant q > 0 such that
β1(t) qe−θ2t , β2(t) qe−θ2t and β3(t) qe−θ2t , t  0,
(5.2b) α1(t), α2(t) and α3(t) are bounded functions,
then there exists ρ2 > 0 such that any energy solution X(t) to (5.1) satisfies the inequality
lim sup
t→∞
log |X(t)|2
t
−1
2
ρ2, almost surely.
In other words, any energy solution X(t) to (5.1) converges to zero exponentially almost surely
as t → ∞.
Proof. By Theorem 5.1, there exist a constant ρ1 > 0 and a constant B > 0 such that E|X(t)|22 
Be−ρ1t , t  0. Hence for Eq. (5.1) it is enough to prove that conditions (4.2a)–(4.2c) are satisfied.
First, by (5.1b)
E
∣∣h(t,Xt(−ρ(t)))∣∣22 = E∣∣h(t,X(t − ρ(t)))∣∣22

(
b + α2(t)
)
E
∣∣X(t − ρ(t))∣∣22 + β2(t)
 B
(
b + α2(t)
)
e−ρ1t+ρ1r + β2(t)
D6e−ρ2t , D6 > 0,
where ρ2 := θ2 ∧ ρ1 and B = B(X(0)) > 0. Therefore, condition (4.2b) is satisfied. Similarly
conditions (4.2a) and (4.2c) hold for θ0 = θ2 ∧ ρ1. Therefore, all the conditions of Lemma 4.2
are satisfied. This completes the proof of the theorem. 
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⎪⎪⎪⎪⎪⎪⎩
dX(t) = [A(t,X(t))+ fβ(t)]dt + h(t,X(t))dt
+
0∫
−r
g
(
t + s,X(t + s))ds dW(t), t  0,
X(s) = ψ(s) ∈ L2(Ω,C([−r,0],H )), s ∈ [−r,0],
(5.2)
where A : [0,∞) × V → V ∗ and fβ : [0,∞) → V ∗ are Lebesgue measurable with fβ ∈
L2([0,∞),V ∗). Let h : [0,∞) × H → H and g : [−r,∞) × H → LQ(K,H) be Lipschitz con-
tinuous uniformly in t. Let G(t,φ) = ∫ 0−r g(t + s,φ(s)) ds for any φ ∈ C. Then the stochastic
delay differential equation (5.2) is viewed as the stochastic functional partial differential equa-
tion (3.1).
Theorem 5.3. Suppose that conditions (5.1a)–(5.1c) and (5.1f) hold. If the following condition
is satisfied:
(5.3a) αeλ1 > 2
√
b + r2k,
then for any energy solution X(t) to (5.2), there exist ρ3 > 0 and B = B(X(0)) > 0 such that
E
∣∣X(t)∣∣22  Be−ρ3t , t  0.
In other words, any energy solution X(t) to (5.2) converges to zero exponentially in mean square
as t → ∞.
Proof. Equation (5.2) has the unique energy solution X(t). Let f (t, v) = A(t, v)+fβ(t), v ∈ V.
By condition (5.3a), there exists δe > 0 such that a := (αe − δe)λ1 > 0 and a > 2
√
b+ r2k. Thus
we can take δa > 0 such that
a > δa + 1
δa
b + r2k.
Furthermore, we can take an ε > 0 such that a > δa + 1δa b+ r(r + ε)k. Therefore, we can choose
ρ3 ∈ (0, ρ1) such that for this ε > 0 it holds that
0∫
−r
e−ρ3s ds < r + ε,
a > δa + 1
δa
b + ρ3 + r(r + ε)k.
It holds that
2
〈
v,f (t, v)
〉

(−a + α1(t))|v|22 + β1(t), v ∈ V,
where β1(t) = 1δe |fβ(t)|2∗. Set
φ(t, u) = eρ3t |u|22, u ∈ H,
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0∫
−r
t∫
t+s
eρ3(τ−s)E
∥∥g(τ,X(τ))∥∥2
L0Q
dτ ds,
U(t, u) = (φ(t, u)+ ξ(t)) exp
(
−
t∫
0
θ(s) ds
)
,
where θ(t) = α1(t)+ 1δa α2(t)+ r(r + ε)α3(t). Therefore, R =
∫∞
0 θ(t) dt < ∞ and we have that
e−Reρ3tE
∣∣X(t)∣∣22 EU(t,X(t)).
Furthermore, for any fixed energy solution X(t),
d
dt
EU
(
t,X(t)
)
 eρ3t
(
ρ3E
∣∣X(t)∣∣22 + 2E〈X(t), f (t,X(t))+ h(t,X(t))〉) exp
(
−
t∫
0
θ(s) ds
)
+ eρ3t
(
r
0∫
−r
E
∥∥g(t + s,X(t + s))∥∥2
L0Q
ds
)
exp
(
−
t∫
0
θ(s) ds
)
+
(
r
0∫
−r
eρ3(t−s)E
∥∥g(t,X(t))∥∥2
L0Q
ds
− r
0∫
−r
eρ3tE
∥∥g(t + s,X(t + s))∥∥2
L0Q
ds
)
exp
(
−
t∫
0
θ(s) ds
)
− θ(t)
(
eρ3tE
∣∣X(t)∣∣22 + r
0∫
−r
t∫
t+s
eρ3(τ−s)E
∥∥g(τ,X(τ))∥∥2
L0Q
dτ ds
)
× exp
(
−
t∫
0
θ(s) ds
)
.
Let
β(t) = β1(t)+ 1
δa
β2(t)+ r(r + ε)β3(t).
Hence we obtain that
d
dt
EU
(
t,X(t)
)
 eρ3t
(
ρ3E
∣∣X(t)∣∣22 + (−a + α1(t))E∣∣X(t)∣∣22 + 1δa
(
b + α2(t)
)
E
∣∣X(t)∣∣22 + δaE∣∣X(t)∣∣22
+ r(r + ε)(k + α3(t))E∣∣X(t)∣∣2 + β(t)2
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(
α1(t)+ 1
δa
α2(t)+ r(r + ε)α3(t)
)
E
∣∣X(t)∣∣22
)
exp
(
−
t∫
0
θ(s) ds
)
−eρ3t
(
a − δa − 1
δa
b − ρ3 − r(r + ε)k
)
E
∣∣X(t)∣∣22 exp
(
−
t∫
0
θ(s) ds
)
+ eρ3t β(t) exp
(
−
t∫
0
θ(s) ds
)
.
Then, since a > δa + 1δa b + ρ3 + r(r + ε)k, we obtain that
d
dt
EU
(
t,X(t)
)
 β(t)eρ3t .
Therefore, function U satisfies conditions (4.1a)–(4.1b). Thus by Lemma 4.1 the energy solution
X(t) satisfies
E
∣∣X(t)∣∣22  Be−ρ3t , t  0,
where B := B(X(0)) > 0. Thus, the proof of the theorem is complete. 
Theorem 5.4. Suppose that all the conditions of Theorem 5.3 are satisfied. If conditions (5.2a)–
(5.2b) hold, then there exists ρ4 > 0 such that any energy solution X(t) to (5.2) satisfies the
following inequality:
lim sup
t→∞
log |X(t)|2
t
−1
2
ρ4, almost surely.
In other words, any energy solution X(t) to (5.2) converges to zero exponentially almost surely
as t → ∞.
Proof. Set G(t,φ) = ∫ 0−r g(t + s,φ(s)) ds. Then, by Theorem 5.3 there exist a constant ρ3 > 0
and a constant B > 0 such that E|X(t)|22  Be−ρ3t , t  0. Thus, we have by condition (5.1c) that
E
∥∥G(t,Xt )∥∥2L0Q = E
∥∥∥∥∥
0∫
−r
g
(
t + s,Xt (s)
)
ds
∥∥∥∥∥
2
L0Q
 r
0∫
−r
E
∥∥g(t + s,Xt (s))∥∥2L0Q ds
 r
0∫
−r
((
k + α3(t + s)
)
E
∣∣X(t + s)∣∣22 + β3(t + s))ds
 r
0∫ [
B
(
k + α3(t + s)
)
e−ρ3t e−ρ3s + β3(t + s)
]
ds.−r
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that
E
∥∥G(t,Xt )∥∥2L0Q D8e−ρ4t , t  0.
Furthermore, since conditions (4.2a)–(4.2b) are satisfied, the proof of the theorem is com-
plete. 
6. Example
In this section we present an example which illustrates the main theorem. We consider a
sufficient condition for any energy solution to a stochastic delay heat equation to converge to
zero exponentially almost surely. Let k1, k2 : [0,∞) → R+ be continuous functions and let b1
and b2 be two positive real numbers. Let A = γ1 ∂2∂x2 ,where γ1 > 0, H = L2(0,π) and
H 10 =
{
u ∈ L2(0,π): ∂u
∂x
∈ L2(0,π), u(0) = u(π) = 0
}
,
H 2 =
{
u ∈ L2(0,π): ∂u
∂x
,
∂2u
∂x2
∈ L2(0,π)
}
.
Operator A has the domain D(A) = H 10 ∩ H 2. Define the norms of two spaces H and H 10 by
|ξ |2 = (
∫ π
0 ξ
2(x) dx)1/2 for any ξ ∈ H and ‖u‖ = (∫ π0 ( ∂u∂x )2 dx)1/2 for any u ∈ H 10 , respectively.
Then it is known that
〈Au,u〉−γ1‖u‖2, u ∈ H 10 .
Let ρ(t) be the differentiable function defined by
ρ(t) = 1
1 + exp(−t) , t  0.
Let κ > 0 be a positive real number and p ∈ H with |p|2 < ∞. Consider the following stochastic
delay heat equation with finite delay ρ(t):⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
dX(t) = γ1 ∂
2
∂x2
X(t)+ ((b1 + k1(t))X(t − ρ(t))+ e−κtp)dt
+ ((b2 + k2(t))X(t − ρ(t)))dw(t),
X(t,0) = X(t,π) = 0, t  0,
X(s, x) = φ(s, x), s ∈
[
−1
2
,0
]
, x ∈ [0,π],
φ ∈ C
([
−1
2
,0
]
,L2(0,π)
)
, ‖φ‖C < ∞,
(6.1)
where w(t) is the one-dimensional standard Wiener process. Define the functions h and g as
follows:
h(t, ξ) = (b1 + k1(t))ξ + e−κtp,
g(t, ξ) = (b2 + k2(t))ξ
for any ξ ∈ H , t  0. Then
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L0Q
 4
(
b22 + k22(t)
)|ξ |22.
By Theorem 5.2 we have the following example:
Example 6.1. Suppose that for Eq. (6.1), the following conditions are satisfied:
(6.1) k21(t) and k22(t) are decreasing, bounded and integrable functions,
(6.2) γ1 > 2
√
2b1 + 4b22
Then any energy solution X(t) to (6.1) converges to zero almost surely exponentially as t → ∞.
Proof. We note that λ1 = 1, αe = 2γ1, M = 12 , b = 4b21 and k = 4b22. By (6.2) we have δe > 0
such that a := 2γ1 − δe > 0 and a > 4
√
2b1 + 8b22. Let δa = γ1 − 4b22. Therefore we have that
1
2 (a − δa) >
4b21
δa
+ 4b22 for δe small enough. By Theorem 5.2 this means that the proof of the
example is complete for λ ∈ (0,2κ) small enough. (λ appears in the proof of Theorem 5.1.) 
Acknowledgments
The author would like to express his sincere gratitude to the referee for his nice advice and really valuable comments.
References
[1] T. Caraballo, K. Liu, On exponential stability criteria of stochastic partial differential equations, Stochastic Process.
Appl. 83 (1999) 289–301.
[2] T. Caraballo, K. Liu, A. Truman, Stochastic functional partial differential equations; Existence, uniqueness and
asymptotic decay property, Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci. 456 (2000) 1775–1802.
[3] T. Caraballo, M.J. Garrido-Atienza, J. Real, Existence and uniqueness of solutions for delay stochastic evolution
equations, Stoch. Anal. Appl. 20 (2002) 1225–1256.
[4] T. Caraballo, J. Lang, T. Taniguchi, The exponential behaviour and stabilizability of stochastic 2D-Navier–Stokes
equations, J. Differential Equations 714–737 (2002).
[5] A. Ichikawa, Stability of semilinear stochastic evolution equations, J. Math. Anal. Appl. 90 (1982) 12–44.
[6] A. Ichikawa, Absolute stability of a stochastic evolution equation, Stochastics 11 (1983) 143–158.
[7] A. Kwiecinska, Stabilization of evolution equation by noise, Proc. Amer. Math. Soc. 130 (2001) 3067–3074.
[8] G. Leha, B. Maslowski, G. Ritter, Stability of solutions to semilinear stochastic evolution equations, Stoch. Anal.
Appl. 17 (1999) 1009–1051.
[9] K. Liu, Lyapunov functionals and asymptotic stability of stochastic delay evolution equations, Stoch. Stoch. Rep. 63
(1998) 1–26.
[10] R. Liu, V. Mandrekar, Stochastic semilinear evolution equations: Lyapunov functions, stability, and ultimate bound-
edness, J. Math. Anal. Appl. 212 (1997) 537–553.
[11] K. Liu, X. Mao, Exponential stability of non-linear stochastic evolution equations, Stochastic Process. Appl. 78
(1998) 173–193.
[12] B. Maslowski, Stability of semilinear equations with boundary and pointwise noise, Ann. Sc. Norm. Super. Pisa Cl.
Sci. IV (1995) 55–93.
[13] T. Taniguchi, Asymptotic stability theorems of semilinear stochastic evolution equations in Hilbert spaces, Stoch.
Stoch. Rep. 53 (1995) 41–52.
[14] T. Taniguchi, Almost sure exponential stability for stochastic partial functional differential equations, Stoch. Anal.
Appl. 16 (1998) 965–975.
[15] T. Taniguchi, K. Liu, A. Truman, Existence, uniqueness, and asymptotic behavior of mild solution to stochastic
functional differential equations in Hilbert spaces, J. Differential Equations 181 (2002) 72–91.
